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Abstract
A labelling of a simple graph G= (V; E) is an assignment f of integers to the vertices of G.
Under such a labelling f, we let Vi denote the set of vertices in G that are labelled i, and let
Ej = ffu; vg: fu; vg2E and jf(u) − f(v)j = jg. A k-equitable labelling of a graph G = (V; E)
is a labelling f :V ! f0; 1; : : : ; k − 1g such that, for each 06i < j6k − 1, we have jVij −
jVjj 2 f−1; 0; 1g and jEij − jEjj 2 f−1; 0; 1g. A cordial labelling of a graph G is a 2-equitable
labelling of G. In this paper, we prove that the problem of deciding whether a graph G admits
a cordial labelling is NP-complete, as conjectured by Kirchherr (Discrete Math. 115 (1993)
201{209). This implies that the problem of determining whether a graph G admits a k-equitable
labelling is also NP-complete. A complexity result concerning another related type of labelling,
known as k-cordial labelling, is also obtained. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
A labelling of a graph G = (V; E) is an assignment f of integers to the vertices
of G. Under such a labelling f, we let Vi denote the set of vertices in G that are
labelled i, and let Ej = ffu; vg: fu; vg 2 E and jf(u) − f(v)j = jg. Given a graph
G=(V; E) and a labelling f :V ! f0; 1g, the set E1 is referred to commonly as a cut.
A cordial labelling of a graph G is a labelling f :V ! f0; 1g such that jV0j − jV1j 2
f−1; 0; 1g and jE0j− jE1j 2 f−1; 0; 1g. A graph is said to be cordial if it admits such a
labelling. Cordial labelling was introduced by Cahit [1] as a weakened version of grace-
ful labelling and harmonious labelling. For surveys of all of these types of labelling,
and of many others, see [8,9].
In Section 2, we prove that the problem of deciding whether or not a graph G is
cordial is NP-complete, as conjectured by Kirchherr [12]. Trivially, this result implies
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Fig. 1. The clause component H .
complexity results about certain related types of graph labelling, namely, k-equitable
labelling and k-cordial labelling. The denitions of these related labellings, and the
implied complexity results, will be given in Section 3. Prior to this paper, there appear
to have been no NP-completeness results concerning any of the labellings that are
outlined in Gallian’s surveys [8,9].
2. The complexity of cordial labelling
In this section, we will show that the problem of determining whether or not a graph
G is cordial is NP-complete. Before proving this result, we will state and prove three
necessary lemmas. The rst two of these lemmas concern the maximum possible size
of cuts in the graph shown in Fig. 1 and in another related graph. These graphs will be
used as ‘clause components’ in the proof of the third lemma, in which we show that
an intermediate problem, which we call problem , is NP-complete. The inclusion
of vertices v[1]; v[2]; : : : ; v[6] in the ‘clause component’ shown in Fig. 1 is a ‘local
replacement’, due to Even and Shiloach [6,7], that allows us to form simple graphs
rather than multigraphs.
Lemma 1. Let H = (V; E) be the graph shown in Fig. 1. Then; given any labelling
f :V (H) ! f0; 1g; we have that the cut E1(H) satises jE1(H)j68. Furthermore;
jE1(H)j= 8 only if vertices x; y and z are not all labelled the same under f.
Proof. Consider the path of length 3 from x to y, which we denote by x−v[1]−v[2]−y.
If f(x) = f(y), then at most two edges from the path x{v[1]{v[2]{y can be in E1.
However, if f(x) 6= f(y) then by setting f(v[2])=f(x) and f(v[1])=f(y), all three
edges from the path will be in E1. Similar comments apply to paths y− v[3]− v[4]− z
and z − v[5] − v[6] − x. Of the three paths mentioned above, at most 2 of them can
have their endpoints labelled dierently under f. The lemma follows easily.
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Lemma 2. Let H 0 = (V 0; E0) be the graph that is formed by taking the graph shown
in Fig. 1; and identifying vertices y and z to form a new vertex a; say. Then; given
any labelling f0 :V 0(H 0)! f0; 1g; we have that the cut E01(H 0) satises jE01(H 0)j68.
Moreover; jE01(H 0)j= 8 only if f0(x) 6= f0(a).
Proof. The proof is similar to the proof of Lemma 1, and is left to the reader.
Now we dene the intermediate problem , and prove that it is NP-complete.
Lemma 3. The following problem; which we call problem ; is NP-complete:
Instance: Simple graph G = (V; E); where jEj is even.
Question: Does G admit a labelling f such that the cut E1(G) satises
jE1(G)j= 12 jEj?
Proof. The problem is obviously in NP. To prove completeness, we transform from
the satisability problem NOT-ALL-EQUAL 3SAT, which was proved NP-complete
by Schaefer [13], and is dened as follows:
Instance: Set U of variables, collection C of clauses over U such that each clause
c2C satises jcj= 3.
Question: Is there a truth assignment for U such that each clause in C has at least
one true literal and at least one false literal?
We may assume that no literal is repeated 3 times in the same clause in an instance
of NOT-ALL-EQUAL 3SAT, since the problem is trivial otherwise. Likewise, we may
assume that U contains at least one variable and C contains at least one clause. So let
the set of variables U=fu1; u2; : : : ; upg and the collection C=fc1; c2; : : : ; cng of clauses
over U be such an instance of NOT-ALL-EQUAL 3SAT. We will form an intermediate
graph G before forming the nal graph G0. Firstly, let C = ffui; ui; uig: 16i6pg
and let C0 = C [ C. Next, we construct the intermediate graph G = (V; E) from
C0 and U as follows. Take vertices uj and uj for each variable uj 2 U . Now, for
each clause ci = fxi; yi; zig 2 C0, take 6 more new vertices vi[1]; vi[2]; : : : ; vi[6] and,
if no literal appears twice in the clause, form the clause component shown in Fig. 1
on these six vertices and the vertices xi; yi and zi associated with the literals in the
clause; otherwise, form the clause component H 0 described in Lemma 2, on the vertices
vi[1]; vi[2]; : : : ; vi[6] and the two vertices associated with the literals in the clause. Let
m = jE(G)j. Then, clearly m = 9(n + p), since C0 contains n + p clauses. Note that
m>18, since p>1 and n>1. Let r=m2+ 229 m+4. Now let the graph G
0=(V 0; E0) be
the disjoint union of G and the complete graph Kr . Let n0 = jV 0j and m0 = jE0j. Then
m0=
( r
2

+m= 12m
4 + 229 m
3 + 1051162 m
2 + 869 m+6. By replacing m by 18a, and 18a+9, in
turn, where a>1 is an integer, it is easy to verify that m0 is an even integer. Clearly,
G0 is simple and can be constructed from U and C in a time that is polynomial in
n and p. We claim that G0 admits a labelling f0 such that the cut E01(G
0) satises
jE01(G0)j= 12m0 if and only if there is a truth assignment t :U ! fT; Fg such that each
clause in C has at least one true literal and at least one false literal.
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Firstly, suppose that G0 admits a labelling f0 such that the cut E01(G
0) satises
jE01(G0)j= 12m0. Consider the Kr component of G0. Let k = 12 r− 12m− 1 and k= 12 r+
1
2m+1. Let j0 denote the number vertices in Kr that are labelled 0 under f
0. Then we
get a contribution of j0(r− j0) to E01(G0) from the edges in Kr . It is easy to verify that
(k +1)(r− (k +1))= 12m0+ 19m+1. Hence, j0 satises 06j06k or k6j06r, since,
otherwise, j0(r−j0)>(k+1)(r−(k+1))> 12m0. Similarly, for any integer j0 satisfying
06j06k−1 or k+16j06r, we have j0(r−j0)6(k−1)(r−(k−1))= 12m0− 179 m−3.
But only m edges in G0 are not part of the Kr , and so it follows that j0 = k or j0 = k,
and that j0(r − j0) = 12m0 − 89m. Hence, exactly 89m of the edges in the subgraph G
of G0 are in E01(G
0). For this to be so, we must have the maximum contribution to
the cut of 8 from each of the clause components in G. Hence, by considering the
clause components associated with the clauses in CC0, we deduce, from Lemma 2,
that for each ui 2 U , we have f(ui) 6= f( ui), for the vertices associated with the two
literals ui and ui. Furthermore, by applying Lemma 1 or Lemma 2, to each of the
clause components associated with the clauses in C C0, it follows that the vertices
associated with the literals in each clause in C are not all labelled the same under f.
Thus, set t(ui) = true if f(ui) = 0, and t(ui) = false otherwise, to obtain a consistent
truth assignment for U such that each clause in C has at least one true literal and at
least one false literal.
Conversely, suppose that there is a truth assignment t :U ! fT; Fg such that each
clause in C has at least one true literal and at least one false literal. Firstly, we label
the vertices of G. For each variable ui 2 U , set f(ui)=0 and f( ui)=1 if t(ui)= true,
and set f(ui)=1 and f( ui)=0 otherwise. It is easily seen, from the proof of Lemma 1
that, for each 16i6(n + p) and each 16j66, we can label vertex vi[j] in such a
way as to obtain the maximum contribution of 89m to the cut from the edges in G.
Next label k = 12 r − 12m− 1 of the vertices in the Kr with 0, and the remainder of the
vertices in the Kr with 1. Denote the resulting labelling of G0 by f0. Under f0 we
obtain a further contribution of 12m
0 − 89m edges to E01(G0) from the edges in the Kr ,
and so jE01(G0)j= 12m0. The overall result follows.
Now, we show that it is an NP-complete problem to decide whether or not a graph
G is cordial, as conjectured by Kirchherr [12].
Theorem 4. The following problem is NP-complete:
Instance: Simple graph G.
Question: Is G cordial?
Proof. Clearly, the problem is in NP. To prove completeness in the class NP, we
transform from problem , which was proved NP-complete in Lemma 3. So let G =
(V; E) be an arbitrary instance of problem , where jEj is even. Let G=(V ; E) be
the disjoint union of G and jV j isolated vertices. We claim that G is cordial if and
only if G admits a labelling f such that the cut E1(G) satises jE1(G)j= 12 jEj. Since
jEj is even, the proof of this claim is straightforward and is left to the reader.
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Remark. In an unpublished manuscript [5], the authors modied the proofs of Lemma
3 and Theorem 4 to show that problem of determining whether a graph G is cordial
remains NP-complete for simple connected graphs of diameter two. The modications
are complex enough to warrant their omission from this paper.
3. The complexity of k-equitable and k-cordial labelling
Hovey [11] introduced the following type of labelling as a simultaneous general-
isation of harmonious and cordial labelling: a k-cordial labelling of a graph G is a
labelling f :V ! f0; 1; : : : ; k − 1g such that, for each 06i< j6k − 1, we have that
jVij − jVjj 2 f−1; 0; 1g and j Eij − j Ejj 2 f−1; 0; 1g, where Ep= ffu; vg: fu; vg 2 E and
(f(u) + f(v))mod k = pg. A graph G is k-cordial if it admits a k-cordial labelling.
Under this denition, a graph is cordial, as dened by Cahit [1], if and only if it is
2-cordial. Hence, it follows from Theorem 4 that the following problem is NP-complete
by ‘restriction’:
Instance: Simple graph G; integer k.
Question: Is G k-cordial?
Note that this problem may well become more tractable when restricted to instances
where k = 3 and the input graph is connected, since Hovey [11] conjectured that all
connected graphs are 3-cordial.
In [2], Cahit dened a k-equitable labelling of a graph G = (V; E) to be a labelling
f :V ! f0; 1; : : : ; k−1g such that, for each 06i< j6k−1, we have that jVij− jVjj 2
f−1; 0; 1g and jEij − jEjj 2 f−1; 0; 1g. A graph G is k-equitable if it admits a
k-equitable labelling. It is well known that a graph G = (V; E) is graceful if and only
if it is (jEj+ 1)-equitable, and that a graph is cordial if and only if it is 2-equitable.
In view of the latter of these two statements, it is immediate from Theorem 4 that the
following problem, which we call k-EQUITABLE LABELLING, is NP-complete by
‘restriction’:
Instance: Simple graph G, integer k.
Question: Is G k-equitable?
4. Conclusions
We have seen that the each of the decision problems associated with determining
whether a graph G is cordial, k-equitable or k-cordial are NP-complete. Prior to this,
there appear to have been no NP-completeness results concerning any of the labellings
that are outlined in Gallian’s surveys [8,9], despite the fact that positive results have
also been dicult to prove, even for fairly simple classes of graphs.
Let the version of the k-EQUITABLE LABELLING decision problem in which
the input graph is restricted to be a tree be referred to as k-EQUITABLE TREE
LABELLING. Cahit proved that all trees are cordial [1], and so k-EQUITABLE
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TREE LABELLING is trivial when k =2. However, for each k>3, the complexity of
k-EQUITABLE TREE LABELLING remains open. It would be interesting to determine
the complexity of this tree-based problem when k = 3, since it is reasonably common
for problems to go from being easy to hard when a certain parameter is changed from
2 to 3 (for example, the well-known problem 2-SAT can be solved in polynomial time
whilst 3-SAT is NP-complete). Some partial results concerning 3-EQUITABLE TREE
LABELLING have been established by Cahit [2,4]: for example, in [2], it is shown
that all trees that have fewer than ve leaves are 3-equitable.
5. For further reading
The following references are also of interest to the reader: [3,10].
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